Almost all S-integer dynamical systems have many periodic points. by Ward,  T.
Durham Research Online
Deposited in DRO:
25 October 2012
Version of attached file:
Published Version
Peer-review status of attached file:
Peer-reviewed
Citation for published item:
Ward, T. (1998) ’Almost all S-integer dynamical systems have many periodic points.’, Ergodic theory and
dynamical systems., 18 (2). pp. 471-486.
Further information on publisher’s website:
http://dx.doi.org/10.1017/S0143385798113378
Publisher’s copyright statement:
Copyright Cambridge University Press 1998. This paper has been published in a revised form subsequent to editorial
input by Cambridge University Press in ”Ergodic theory and dynamical systems” (18: 2 (2007) 471-486)
http://journals.cambridge.org/action/displayJournal?jid=ETS
Use policy
The full-text may be used and/or reproduced, and given to third parties in any format or medium, without prior permission or charge, for
personal research or study, educational, or not-for-profit purposes provided that:
• a full bibliographic reference is made to the original source
• a link is made to the metadata record in DRO
• the full-text is not changed in any way
The full-text must not be sold in any format or medium without the formal permission of the copyright holders.
Please consult the full DRO policy for further details.
Durham University Library, Stockton Road, Durham DH1 3LY, United Kingdom
Tel : +44 (0)191 334 3042 — Fax : +44 (0)191 334 2971
http://dro.dur.ac.uk
Ergod. Th. & Dynam. Sys. (1998), 18, 471–486
Printed in the United Kingdom c© 1998 Cambridge University Press
Almost all S-integer dynamical systems have
many periodic points
T. B. WARD
School of Mathematics, University of East Anglia, Norwich NR4 7TJ, UK
(e-mail: t.ward@uea.ac.uk)
(Received 10 September 1997 and accepted in revised form 4 November 1997)
Abstract. We show that for almost every ergodic S-integer dynamical system the radius
of convergence of the dynamical zeta function is no larger than exp.− 12htop/ < 1. In the
arithmetic case almost every zeta function is irrational.
We conjecture that for almost every ergodic S-integer dynamical system the radius
of convergence of the zeta function is exactly exp.−htop/ < 1 and the zeta function is
irrational.
In an important geometric case (the S-integer systems corresponding to isometric
extensions of the full p-shift or, more generally, linear algebraic cellular automata on
the full p-shift) we show that the conjecture holds with the possible exception of at most
two primes p.
Finally, we explicitly describe the structure of S-integer dynamical systems as
isometric extensions of (quasi-)hyperbolic dynamical systems.
1. Introduction
The S-integer dynamical systems were introduced in [3], and the question of typical
behaviour for one family of these systems was considered in [13] (though of course in
the arithmetic case such dynamical systems appear in the work of Rokhlin and Halmos).
We first define them: a complete description with references and examples is in [3].
They are an arithmetically natural class of isometric extensions of familiar maps like
toral endomorphisms or algebraic cellular automata.
Let k be an A-field (that is, an algebraic number field or a rational function field
with positive characteristic), with set of places P.k/ and infinite places P1.k/. Let
S  P.k/nP1.k/ be a set of finite places, define
RS D fx 2 k j jxj  1 for all  =2 S [ P1.k/g
to be the associated ring of S-integers, and let  be any element of RSnf0g. Then the
continuous endomorphism  D .k;S;/ of the compact abelian group X D X.k;S/ D cRS
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dual to the monomorphism x 7! x of RS is the S-integer dynamical system associated
to the data k; S;  . The number of points with period n under  is given by
fn./ D
Y
2S[P1.k/
jn − 1j (1)
so long as  is not a root of unity in k (see x5 of [3]; this condition is equivalent to
ergodicity for ). Since fn is finite for all n, the dynamical zeta function of ,
.s/ D exp
1X
nD1
fn  s
n
n
is a well-defined formal series. In fact, simple estimates (see x6 of [3]) show that the
radius of convergence of the zeta function lies in .0; 1] for any S-integer system.
The topological entropy of  is found in [3],
htop./ D
X
2S[P1.k/
logC j j :
From the complete description of the set of places of an A-field in Chapter III, x1 of
[14], the set P.k/ is countably infinite and the set P1.k/ is finite. Given  2 knf0g not
a unit root, let !1; : : : ; !s be all the finite places of k for which j j!j > 1. Write
P.k/nP1.k/ D f!1; : : : ; !s; 1; 2; : : :g; (2)
and define a map !k from the subsets of P.k/nP1.k/ containing f!1; : : : ; !sg to f0; 1gN
by !k.S/.n/ D 1 if and only if n 2 S. The .; 1 − /-independent measure on f0; 1gN
with  2 .0; 1/ defines, via the bijection !k , a probability measure k D k; on the set
.k/ D fS j f!1; : : : ; !sg  S  P.k/nP1.k/g:
Let U : f0; 1gN ! f0; 1gN be the add-and-carry odometer (or von-Neumann Kakutani
adding machine) which preserves the . 12 ; 12 / independent measure on f0; 1gN and is
ergodic (by Theorem 1.9 in [12]: it is enough to know that the subgroup generated by 1
in the compact group f0; 1gN D Z2 of 2-adic integers is dense). Let V : .k/ ! .k/
be defined by V .S/ D !−1k .U!k.S//: Then V is a 1=2k -preserving, invertible, ergodic
transformation on .k/, called the odometer. We shall often be dealing only with
the symmetrical measure with  D 12 , so write k D 1=2k . The phrase ‘almost every’
unadorned will be used for the  D 12 measure only.
Recall that the places of the rational function field Fp.t/ are in one-to-one
correspondence with the irreducible polynomials together with one ‘infinite’ place with
valuation written j  j1: this is non-Archimedean and has jt j1 D p.
The periodic point behaviour for a given  is expected to behave as follows.
CONJECTURE. Given  not a unit root in the A-field k, for k -almost every S in .k/,
lim sup
n!1
1
n
log fn..k;S;// D htop..k;S;// > 0;
lim inf
n!1
1
n
log fn..k;S;// D 0;
and the dynamical zeta function is irrational.
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The excluded atomic measures given by  2 f0; 1g give the two extremes with
exceptional behaviour. For  D 0, S D P.k/nP1.k/ and fn..S// D 1 for all n.
For  D 1, S D ; and the upper and lower limits are both equal to the entropy by
Lemma 5 (see the Appendix).
Our purpose here is to prove some weaker versions and special cases of this conjecture,
and to indicate a connection between the conjecture and a weak generalised version of
the Mersenne prime problem.
THEOREM 1. Let k be an A-field, and assume that  2 knf0g is not a unit root. Then for
k-almost every S 2 .k/, the radius of convergence of the dynamical zeta function of
.k;S;/ is no larger than exp.− 12htop..k;S;/// < 1.
The detail of the proof of Theorem 1 depends on the characteristic of k: when k
is an algebraic number field we call the corresponding systems arithmetic, when k is
a rational function field we call them geometric. Some basic estimates from [3] are
needed: for completeness these are reproduced in an appendix. The strategy of the proof
of Theorem 1 is as follows. First we assume that lim sup f 1=nn D 0 k-a.e. A simple
argument using the Artin product formula shows that this leads to a contradiction. It
follows that the set E of those S for which lim sup f 1=nn is positive has positive measure.
On the other hand, the odometer transformation on .k/ is k-preserving and ergodic,
and preserves E. The conclusion is that E is of full k-measure.
A subset S  P.k/nP1.k/ has density  if
1
n
jfj j !k.S/.j/ D 1; j  ngj −!  as n ! 1:
COROLLARY 1. If a and b are coprime integers, then almost every subset S of a=b.Q/
has density 12 and has
lim sup
n!1
jan − bnj1=n 
Y
p2S
jan − bnj1=np 
p
maxfjaj; jbjg > 1: (3)
If f and g are coprime elements of Fp[t], then almost every subset S of f=g.Fp.t// has
density 12 and has
lim sup
n!1
jf n − gnj1=n1 
Y
2S
jf n − gnj1=n 
p
maxfpdeg.f /; pdeg.g/g > 1: (4)
Proof. Let k D Q,  D a=b. For any set U containing the finite set T D f j jbj 6D 1g,
fn.
.Q;U;// D
a
b
n
− 1
  Y
2T
a
b
n
− 1



Y
2UnT
a
b
n
− 1


D jan − bnj 
Y
2UnT
jan − bnj
since for any  2 UnT we have jbj D 1. The set S may therefore be chosen in the
intersection of the full measure set for which (3) holds (by Theorem 1) and the set of
those S for which !Q.S/ is a normal sequence.
The geometric case is proved in the same way. 
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For integers the order of quantifiers may be reversed: if  is an integer in the A-field
k, then .k/ D .k/ D P.k/nP1.k/, so we may intersect over the sets in Corollary 1
for all integers.
COROLLARY 2. For almost every subset S of the set of rational primes, and for every
integer a 6D 1,
lim sup
n!1
jan − 1j1=n 
Y
p2S
jan − 1j1=np 
p
jaj:
For almost every subset S of the set of finite places of Fp.t/, and for every non-constant
polynomial f 2 Fp[t],
lim sup
n!1
jf n − 1j1=n1 
Y
2S
jf n − 1j1=n 
p
pdeg.f /:
THEOREM 2. Let k be an algebraic number field, and assume that  2 knf0g is not a
unit root. Then for k -almost every S 2 .k/, the dynamical zeta function of .k;S;/ is
irrational.
Remark 1. (i) In [13] the case k D Q,  D 2,  D 12 is considered: for S D ; this is
the circle-doubling map. It is clear that the arithmetic of the case  D 2 is unique, since
expressions of the form an − 1 can only be prime if a D 2. It is shown there that with
positive Q-probability the radius of convergence is smaller than one, and that if there
is a K for which there are infinitely many values of n for which 2n − 1 has no more
than K prime factors then with Q-probability one the radius of convergence is exactly
1
2 . This result is generalised in Theorem 4 below. In particular, if there are infinitely
many Mersenne primes (K D 1) then the radius of convergence is 12 . It is also shown
in [13] that the zeta function is almost surely irrational.
(ii) There are many sets S for which the radius of convergence is one: according to
Example 9.5 of [3], if k is an algebraic number field and S comprises all but finitely
many places, then the radius of convergence is one. The simplest instance of this is the
case S D P.k/nP1.k/: by the Artin product formula (1) shows that fn./ D 1 for all n.
(iii) Is there a syndetic set S (that is, a set for which 1’s appear in !k.S/ with bounded
gaps) with (3)?
The natural geometric analogue of the simplest arithmetic case k D Q;  D 2 is the
family of isometric extensions of the full p-shift given by k D Fp.t/;  D t . In this setting
the Mersenne prime problem becomes the following: is the polynomial 1CtCt2C  Ctn
irreducible over Fp infinitely often? A consequence of Heath-Brown’s work on the Artin
conjecture is that this is almost solved, and using this work we show that the natural
conjectures can all be proved for this one geometric example. The argument immediately
extends to the family of isometric extensions of the linear cellular automata given by
k D Fp.t/,  D at C b (a 2 Fpnf0g).
THEOREM 3. Let k D Fp.t/,  D atCb (a 2 Fpnf0g), and .S/ D .k;S;/. Then, excepting
at most two primes p, for k -almost every S 2 .k/,
lim sup
n!1
1
n
log fn..S// D logp D htop..S//;
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lim inf
n!1
1
n
log fn..S// D 0;
and the dynamical zeta function of .S/ is irrational.
COROLLARY 3. One of the S-integer systems given by  D t , k D F2.t/, F3.t/, or F5.t/
satisfies the conjecture.
That is, the property of isometric extensions described by the conjecture holds for one
of the full 2-, 3- or 5-shift.
The arithmetic case seems less accessible: Theorem 9.3 in [3] shows that for at least
one of the systems given by k D Q,  D 2; 3 or 5, there is an infinite set S for which
lim sup
n!1
1
n
log.fn..S/// D htop..S//:
Thus the lim sup part of the conjecture holds for an uncountable (but k-null) set of S.
The first two parts of the basic conjecture would follow from the solution to a
generalization of the Mersenne prime problem. There does not, however, seem to be any
particular reason to expect such a statement to be true: see [11] for a survey of related
questions for the case k D Q,  D 2.
THEOREM 4. If, for any A-field k and  2 knf0g not a unit root, the set
Pn D f 2 P.k/ j jn − 1j 6D 1g
is bounded in cardinality for infinitely many n, then for k-almost every S 2 .k/,
lim sup
n!1
1
n
log fn..k;S;// D htop..k;S;// > 0
and
lim inf
n!1
1
n
log fn..k;S;// D 0:
Finally, we describe explicitly the structure of any S-integer dynamical system as an
isometric extension of a (quasi-)hyperbolic base system. Non-hyperbolicity in the base
can only occur in the infinite places.
Recall from [7] that an ergodic toral endomorphism is called quasi-hyperbolic if the
corresponding integer matrix has an eigenvalue with unit modulus, and from [14] that
for each non-Archimedean place  of an A-field the corresponding completion k has
a maximal compact subring r D fx 2 k j jxj  1g. For consistency, we call an
ergodic S-integer system hyperbolic if it is expansive (this accords with hyperbolicity
meaning that the ‘eigenvalues’ are not of unit modulus) and quasi-hyperbolic if the only
unit modulus eigenvalues appear in the infinite places.
THEOREM 5. For any k; S;  ( not a unit root), let
H D f 2 P.k/ j j j 6D 1g \ S: (5)
Then .k;S;/ is an isometric extension of .k;H;/. The action on the fibre above the identity
is isometric to multiplication by  on
Q
2SnH r , and this map is an isometry. For each
 2 H [ P1.k/, the map x 7!   x on the field k is hyperbolic unless  is infinite, in
which case the map may be quasi-hyperbolic.
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2. Proof of Theorem 1
Let P D f2; 3; 5; 7; : : :g denote the rational primes.
LEMMA 1. For any A-field k, and for  not a unit root in k, the set
E D

S j lim sup
n!1In2P
1
n
log fn..k;S;// > 0

has positive k-measure.
Notice that the set E is measurable: since a given natural number (of periodic
points) is divisible by only finitely many primes, for fixed n the function sending S to
1
n
log fn..k;S;// is continuous (with the product topology on fSg identified with f0; 1gN).
It follows that lim supn!1In2P 1n log fn.
.k;S;// is a measurable function of S, so the set
of points on which it is positive is a measurable set.
Proof. Let NS D S [ P1.k/, and assume that E has zero measure. Then by (1) we have
for a.e. S
lim
n!1In2P
1
n
log
Y
2 NS
jn − 1j D 0: (6)
By Lemma 5, we know that
lim
n!1In2P
1
n
log
Y
2 NSIj j 6D1
jn − 1j D h D htop..k;S;// > 0: (7)
Now define a new set of places NS 0 by
NS 0 D f 2 NS j j j 6D 1g [ f 2 P.k/ [ P1.k/ j  =2 NS; j j D 1g:
By the product formula, for any  2 knf0gY
2 NS 0
jj 
Y
2 NS
jj D
Y
2 NSIj j 6D1
jj : (8)
Now (6)–(8) together imply that for a.e. S,
lim
n!1In2P
1
n
log
Y
2 NS 0
jn − 1j D h > 0: (9)
The map NS ! NS 0 induces (by restriction to the finite places) a k-preserving involution
on .k/, so (9) contradicts (6). We conclude that
k

S j lim sup
n!1In2P
1
n
log fn..k;S;// > 0

> 0: 
Notice that E does not contain any set S with !k.S/.n/ D 1 for all n. So without
loss of generality, any set S 2 E may be written
S D fn.1/; n.2/; n.3/; : : :g;
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with n.1/ < n.2/ < n.3/ <    and n.j/ D j only finitely often, for j D 1; : : : ; r say.
Then
V .S/ D fm.1/; m.2/; m.3/; : : :g;
where m.1/ D n.r/ C 1; m.‘/ D n.r C ‘ − 1/ for ‘  2 if n.1/ D 1, and
m.1/ D 1; m.‘/ D n.‘ − 1/ for ‘  2 if n.1/ > 1. By assumption, for any S 2 E
there is a sequence nj ! 1 in P for which
1
nj
log
Y
2S[P1.k/
jnj − 1j −! h0 > 0: (10)
Assume first that n.1/ D 1. Then
1
nj
log
Y
2V .S/[P1.k/
jnj − 1j
D 1
nj
log
Y
2S[P1.k/
jnj − 1j − 1
nj
log
Y
‘D1;:::;r
jnj − 1jn.‘/ C
1
nj
log jnj − 1jm.1/ :
By the basic estimates in the Appendix (Lemma 6 and Lemma 7), we see that the last
two terms above converge along P to zero, so the left-hand side converges along P to
h0 > 0 by (10), showing that V .S/ 2 E.
If n.1/ > 1, then
1
nj
log
Y
2V .S/[P1.k/
jnj − 1j D 1
nj
log
Y
2S[P1.k/
jnj − 1j C 1
nj
log jnj − 1jm.1/ ;
and the basic estimates in the Appendix show that the last term converges along P to
zero, showing again that V .S/ 2 E.
Indeed, V preserves the value of the upper limit, so it is almost everywhere constant.
If
lim sup
n!1In2P
1
n
log fn..k;S;// <
1
2
h;
then by (7) and (8)
1
2
h < lim inf
n!1In2P
1
n
log fn..k;S;// < lim sup
n!1In2P
1
n
log fn..k;S;//
almost everywhere.
This proves Theorem 1.
Remark 2. (i) The second part of the proof of Theorem 1 depends only on the following:
Lemma 6 and Lemma 7 say that modifying the set S in finitely many places does not
affect the upper and lower growth rates. Thus the ergodic k -preserving action of the
finitary symmetric group on .k/ also preserves the upper limit. Thus, if
lim sup
n!1
1
n
log fn..k;S;// D htop..k;S;//
on a positive k -measure set, then the same is true 

k -almost everywhere, and so
lim inf
n!1
1
n
log fn..k;S;// D 0
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
1−
k -almost everywhere. Similarly, if
lim inf
n!1
1
n
log fn..k;S;// D 0
on a positive k -measure set, then the same is true 

k -almost everywhere, and
lim sup
n!1
1
n
log fn..k;S;// D htop..k;S;//

1−
k -almost everywhere.
(ii) Similarly, if
lim sup
n!1
1
n
log fn..k;S;// < htop..k;S;// D
X
2S[P1.k/
logC j j
for a positive k -measure set, then
lim inf
n!1
1
n
log fn..k;S;// > 0
for a positive 1−k -measure set.
3. Zeta functions in the arithmetic case
Let k be a fixed algebraic number field and  a non-zero element of k that is not a unit
root. For each finite place  of k, the valuation j j restricted to Q  k is equivalent to
a p-adic valuation j jp for a unique rational prime p 2 P; in this case write jp. By
Theorem 1, Chapter III, x1 of [14] there are only finitely many places  with jp for
a fixed p; indeed by Chapter III, x4 of [14] the number of places above a given p is
bounded by [k : Q].
LEMMA 2. If


k .fS 2 .k/ j .S/ is irrationalg/ < 1
then there is a function  for which
fS 2 .k/ j .S/ D  g
has positive k -measure.
As in the discussion after Lemma 1, it should be pointed out that the set in question
is measurable. By the same argument, after identifying the set of S’s with f0; 1gN and
the set of dynamical zeta functions with NN (both with product topology), the function
S 7! ./ is continuous. On the other hand, there are only countably many rational zeta
functions by [1], so the set of irrational ones is measurable.
Proof. According to [1] there are only countably many rational dynamical zeta functions.
It follows that the complement of the set fS 2 .k/ j .S/ is irrationalg has positive


k -measure and is a countable union of sets on which the dynamical zeta function is
constant (and rational). One of these sets must therefore have positive measure. 
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LEMMA 3. In any positive k -measure subset of .k/ there are elements S0, S1 for which
.S0/ and .S1/ have distinct dynamical zeta functions.
Proof. Let C  .k/ have k .C/ > 0. Since the number of  above each p is globally
bounded by d D [k : Q], the independent sets
Ap D fS j 9 exactly one  2 S; jpg
all have k .Ap/ 2 .dd; 1]. It follows that


k .fS j 9 P0 infinite such that; 8p 2 P0 9 exactly one  2 S; jpg/ D 1
by Borel–Cantelli. It follows that in C we may find S0 with the property that
P0 D fp 2 P j 9 one  2 S0; jpg
is infinite. Then by Borel–Cantelli, the set fS 2 .k/ j 8p 2 P0; 9 2 S; jpg is a null
set. So there is a set S1 2 C, and infinitely many primes p for which there is exactly
one place  2 S0 with jp but there is no place  2 S1 with jp. Pick any one of these
primes and consider the distinguished place jp of k for which  2 S0 and  =2 S1.
If j j > 1 then since  2 RS0 \ RS1 we have  2 S0 \ S1, which is impossible by
construction.
If j j < 1 then jn −1j D 1 for all n  1. This means that the p-part of the periodic
point data for the two systems is identical. In this case, move to the next prime p in
the infinite set constructed above. Since f j j j < 1g is finite for any  2 knf0g, this
process must terminate with a  for which j j  1.
If j j D 1, then choose a prime element  2 k and write
 D a0 C a1 C a22 C   
where each aj 2 Fq , the residue class field of k . Since Fq is cyclic, it follows that
 .p−1/ D 1 C , with jj < 1.
It is clear that jn − 1j is some (rational) power of p, so in either case the prime
decomposition of fn shows that the zeta functions are distinct. 
Theorem 2 follows.
4. Extensions of linear cellular automata on the full p-shift
Notice that the dynamical systems given by k D Fp.t/,  D at Cb (a 2 Fpnf0g) comprise
a family of isometric extensions of linear algebraic cellular automata. To see this, recall
from [14] that Fp.t/ has one distinguished ‘infinite’ place (so-called despite the fact
that the corresponding completion is non-Archimedean) labelled t−1; the corresponding
valuation has jt jt−1 D p: For S D ;, .k;S;/ is the map given by
..k;S;/x/n D axnC1 C bxn on f0; 1; : : : ; p − 1gN: (11)
For S D ft−1g, .k;S;/ is the map given by
..k;S;/x/n D axnC1 C bxn on f0; 1; : : : ; p − 1gZ: (12)
For other sets S, .k;S;/ is an isometric extension of the map (11) (if t−1 =2 S) or the
map (12) (if t−1 2 S).
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Proof of Theorem 3. First assume that a D 1, b D 0, so  D t ; by equation (1) we need
to understand the irreducible factors of the polynomial
tq − 1 D .t − 1/.1 C t C t2 C    C tq−1/ D .t − 1/cq.t/
for various values of q. Assume that q is prime. By Theorem 2.47 in [5], the polynomial
cq.t/ splits over Fp into ..q − 1/=f / irreducible factors, where f is the least positive
integer for which pf  1 mod q. Using the result of Heath-Brown in [4], eliminate two
possible primes p for which the Artin conjecture may fail; we may then assume that if p
is one of the remaining primes, then for infinitely many values of q, p is a primitive root
mod q, so cq.t/ is irreducible over Fp infinitely often. The first two parts of Theorem 3
now follow from Theorem 4; to motivate that argument we prove it here for this simple
case.
By Borel–Cantelli, for k -almost every S 2 .k/ there is an infinite sequence of
primes qj with the property that the place corresponding to the irreducible polynomial
cqj .t/ lies in S for all j , so
fqj .
.S// D
Y
2S
jtqj − 1j D pqj  p−.qj −1/  ej ;
where ej D p−1 or 1 depending on whether the place corresponding to .1 − t/ lies in S
or not. In either case,
lim inf
n!1
1
n
log fn..S//  lim
j!1
1
qj
log fqj ..S// D lim
j!1
− 1
qj
log ej D 0;
which proves the second statement in Theorem 3.
Equally, we may find an infinite sequence rj of primes with the property that the place
corresponding to the irreducible polynomial crj .t/ does not lie in S for any j , so
frj .
.S// D
Y
2S
jt rj − 1j D prj  ej ;
and therefore
lim sup
n!1
1
n
log fn..S//  lim
j!1
1
rj
log frj ..S// D lim
j!1
1
rj
log.prj  ej / D logp;
proving the first statement in Theorem 3.
Now consider the dynamical zeta function of .S/.
LEMMA 4. If


k .fS 2 .k/ j .S/ is rationalg/ > 0
then there is a pair c; d of integers with no common factor with the property that the set
fg 2 Fp[t] j g divides t cnCd − 1 for some n 2 Ng
is finite and, for infinitely many n, the polynomial ccnCd.t/ is irreducible.
The conclusion of Lemma 4 is clearly absurd, so the third statement in Theorem 3
follows.
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Proof. By the argument used for the lim inf above, we know that, k -almost surely, there
is an infinite sequence sj of primes with the property that fsj ..S// D p or 1 for all j .
It follows that, with positive k-probability, the zeta function is rational and there is an
infinite sequence of primes sj for which fsj ..S// D A for all j , where A is one of p
or 1. It follows by the Mahler–Lech theorem [8] or [2, p. 88], that fk..S// D A for all
k in some arithmetic progression taking on some prime values; say k D cn C d. That
is, for every S in some positive k -measure set, there is a co-prime pair c; d for which
all (if A D 1) or all but one (if A D p) of the factors of t cnCd − 1 lie in S for all n.
Since there are only countably many such arithmetic progressions, it follows that there
is a single pair c; d with the property that every S in a set of positive measure has the
property that all (if A D 1) or all but one (if A D p) of the factors of t cnCd − 1 lie in S
for all n. By Borel–Cantelli, this can only be possible if the set of factors of t cnCd − 1
for all n is itself finite. 
For the general case  D at C b, the same proof works since cq.at C b/ is irreducible
if and only if cq.t/ is irreducible. This completes the proof of Theorem 3. 
5. Proof of Theorem 4
Fix k and  , and let nj ! 1 be a sequence with the property that jPnj j D L for
j D 1; 2; : : : . Choose, if possible, a subsequence m1 D nj.1/; m2 D nj.2/; : : : with the
property that
Pmkn
[
‘<k
Pm‘ 6D ; (13)
for all k. If this is not possible, then
S
j2N Pnj is finite, and therefore with positive


k -probability the set S does not intersect any Pnj , so on a set of positive 

k -measure
fnj ./ D
Y
:j j 6D1
jn − 1j
and hence
lim sup
n!1
1
n
log fn..k;S;// D htop..k;S;// (14)
by Lemma 5. It follows by Remark 2(i) that (14) holds for k -almost every S. Similarly,
with positive k -probability the set S contains all the Pnj , so on a set of positive


k -measure fnj ./ D 1, and hence
lim inf
n!1
1
n
log fn..k;S;// D 0
and the lower limit is zero almost everywhere by Remark 2(i) again.
So we may assume (13). Let
S0 D f 2 P.k/ j  2 Pmk infinitely oftengI
by (13), jS0j < L.
Let P 0mk D PmknS0, and choose a further subsequence s1 D mk.1/; s2 D mk.2/; : : : with
the property that
P 0sj \
[
‘<j
P 0s‘ D ;: (15)
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By construction,
1  L − jS0j  jP 0sk j  L (16)
for all k. By (15) the sets
Aj D f!k.S/ j !k.S/.n/ D 1 if and only if n 2 P 0sj g
are independent, and by (16) k .Aj / 2 [L; ], so by the Borel–Cantelli lemma, for


k -almost every S there is a sequence t .j/ D sk0j such that t .j/ ! 1 as j ! 1 and
S \ P 0t .j/ D ; for all j .
Since S0 is finite, it follows that there is a positive k-measure set on which S\S0 D ;
and the above sequence exists. For such an S, let
I .n/ D
Y
j j 6D1
jn − 1j and J .n/ D
Y
2S:j jD1
jn − 1j :
Notice that fn..k;S;// D I .n/  J .n/ since for these S, S \ S0 D ;.
By Lemma 5,
lim
n!1
1
n
log I .n/ D htop..k;S;//:
On the other hand, along the sequence t .j/, we have J .t .j// D 1 since the set S0 has
been removed. It follows that
lim
j!1
1
t .j/
log ft.j/..k;S;// D htop..k;S;//
for all S in a set of measure at least L. By Remark 2(i) this implies that the upper limit
is htop..k;S;// and the lower limit is 0 k -almost everywhere.
Remark 3. The subsequence with (13) does always exist though there does not seem
to be a short proof of this fact: in the arithmetic case it follows from Zsigmondy’s
theorem [15] or the result in [9].
6. S-integer systems as isometric extensions
To prove Theorem 5, first notice that by (5) H  S, so there is a canonical embedding
RH ,! RS: (17)
Dual to the monomorphism (17) there is a surjective homomorphism  : X.k;S/ ! X.k;H/
with .S/ D .H/ . This map realises .H/ as a factor of .S/: it remains to identify
what .H/ looks like and the action of .S/ restricted to the fibre Y D −1.1X.k;H/ /:
If H [ P1.k/  f 2 P.k/ j j j 6D 1g, then by Corollary 4.2 of [3] the map .H/ is
hyperbolic (notice that j j! for all ! above a given place  0 is determined by the value
of j j for any one place  above  0 except for the infinite places of an algebraic number
field). If H [ P1.k/ 6 f 2 P.k/ j j j 6D 1g then there must be an infinite place  for
which j j D 1, and then .H/ is quasi-hyperbolic.
The action on the fibre is found as follows. The dual of the kernel of  is given by
the co-kernel of O : RH ! RS , so bY D RS=RH : Using the methods of [3, x3], one may
show that \.RS=RH / D R?H  cRS and then that
Y D \.RS=RH / D
Y
2SnH
r:
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On each of the factors r with  2 SnH , .S/ acts via multiplication by  , which is an
isometry since j j D 1 for  2 SnH .
Example 1. To illustrate Theorem 5 some explicit examples follow.
(i) If k D Q,  D 2, S D ;, then H D ; so .S/ D .H/ is the circle-doubling map and
Y is trivial.
(ii) If k D Q,  D 2, S D f3g, then H D ;, so the hyperbolic base map .H/ is the
circle-doubling map. The fibre Y D Z3 (3-adic integers), and .S/ restricted to Y is
the isometry x 7! 2x on Z3.
(iii) The general case when k D Q (that is, systems living on a one-dimensional solenoid)
has the following structure. If  D r=s in lowest terms, then H is the set of p-adic
valuations corresponding to primes that divide rs. The action on the fibre is the
isometry x 7! .r=s/  x on
Y D
Y
fp2S j p j6 rsg
rp:
(iv) A non-hyperbolic base map in the arithmetic case is given by Lind’s example from
[6, x3] (see also Example 2.2(5) and Example 6.1(1) in [3]). Let
 D
p
2 − 1 C i
q
2
p
2 − 2;
k D Q./, and S D ;. Then H D ;, RS D Z C Z C  2Z C  3Z, and .H/ D .S/
is the quasi-hyperbolic automorphism of the 4-torus corresponding under duality to
the integer matrix 2
664
0 1 0 0
0 0 1 0
0 0 0 1
−1 −4 2 −4
3
775 :
If S were non-empty, then H would still be empty, and Y would be a product over
S of rings of integers on which .S/ acts as an isometry.
(v) Let k D F3.t/,  D .1 C t/=.2 C t/, and S D f1 C t; 2 C t; 1 C t2g. Then
H D f1 C t; 2 C tg;
and .H/ is quasi-hyperbolic because of the infinite place where1 C t2 C t

t−1
D 1:
The fibre action is given by the isometry x 7! ..1 C t/=.2 C t//x on the compact
ring r.1Ct2/  F3.t/.1Ct2/.
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Appendix
There are three basic estimates used. These may be extracted from proofs in [3]; we
briefly prove them again here for completeness.
LEMMA 5. Let k be any A-field,  not a unit root, and S any set of finite places for which
 2 RSnf0g. Then
1
n
log
Y
2S[P1.k/Ij j 6D1
jn − 1j −! htop..k;S;// D
X
2S[P1.k/
logC j j > 0:
Proof. The convergence is clear: there can be only finitely many places for which
j j 6D 1, and at each of these
1
n
log jn − 1j ! logC j j :
In the arithmetic case the limit must be positive by Kronecker’s theorem. In the geometric
case, if j j  1 for all infinite , then  2 Fq.t/ is of the form c=p.t/ for some constant
c and polynomial p.t/ 2 Fq[t]. Since  2 RSnf0g, there must be a  2 S with j j > 1
unless p.t/ is a constant, which is precluded by requiring that  not be a unit root. 
LEMMA 6. Let k be an algebraic number field,  not a unit root, and T any finite set of
places with j j D 1 for  2 T . Then
1
n
log
Y
2T
jn − 1j −! 0
as n ! 1.
Proof. We follow the proof of Theorem 6.1 in [3]. If  is Archimedean, then by Baker’s
Theorem (see [10, p. 281]) we have positive constants a,b with jn − 1j > a=nb. It
follows that
1
n
log jn − 1j ! 0 (18)
as n ! 1.
Assume therefore that  is a finite place lying above the place p of Q with j j D 1
and with jn − 1j < 1. Let  be the usual completion of the algebraic closure of Q
under ; the -adic logarithm is defined by
log.1 C x/ D
1X
iD1
.−1/iC1xi=i;
convergent for all x with jxj < 1. Then
log.n/ D .n − 1/ −
.n − 1/2
2
C .
n − 1/3
3
−   
and so j log.n/j  jn − 1j . Since we always have for some constant c
c
n
 jn log./j D j log.n/j;
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this shows that
c
n
 jn − 1j  1 (19)
for all n.
Since the set T is finite, (18) and (19) together show that
1
n
log
Y
2T
jn − 1j −! 0
as n ! 1. 
LEMMA 7. Let k be a rational function field,  not a unit root, and T any finite set of
places with j j D 1 for  2 T . Then
lim
n!1In2P
1
n
log
Y
2T
jn − 1j D 0:
Proof. Following the proof of Theorem 6.2 in [3], split the set T into disjoint subsets
A D f 2 T j j − 1j D 1g and B D f 2 T j j − 1j < 1g. For each  2 A, write
 D a0Ca1 Ca22C   where  2 k has ord./ D 1=e, e is the index of ramification
and the coefficients ai come from the residue class field L. Let d be the multiplicative
order of a0 in L; d  2 clearly. Then a simple calculation shows that jn − 1j D 1
if and only if d does not divide n. Since A is finite, we deduce that there is a finite set
fd1; : : : ; dmg of integers each greater than or equal to one with the property thatY
2T
jn − 1j D 1
whenever n is not divisible by any of d1; : : : ; dm. We conclude that
lim
n!1In2P
1
n
log
Y
2A
jn − 1j D 0: (20)
The set B is also finite; let B D f1; : : : ; ‘g. For each j 2 f1; 2; : : : ; ‘g write
 D 1 C
1X
iD1
ai
i
j
with ai and j as above, and j − 1j D p−sj where sj D 1e minfi j ai 6D 0g. Then
1
n
‘X
jD1
log jn − 1jj D
1
n
‘X
jD1
log j − 1jj C
1
n
‘X
jD1
log jn−1 C n−2 C    C  C 1jj
D 1
n
‘X
jD1
log jj jsjj C
1
n
‘X
jD1
log
n C 1X
iD1
bi.j/j
i

j
for coefficients bi.j/ 2 kj with jbi.j/jj  1 for all i and j . This expression converges
to zero so long as p, the characteristic of k, does not divide n. We deduce that
lim
n!1In2P
1
n
log
Y
2A
jn − 1j D 0;
which together with (20) gives the result. 
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